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Basic Idea: From Centralizers to Normalizers
Consider an equation
Hf =0

H some linear operator, f in some function space.

If Q is a linear operator commuting with H then Q acts on the solution
space:

Hf =0 = H(Qf) = Q(Hf) = Q(0) =0

Actually, it suffices that HQ € AH for some algebra A.
So let

» A be an algebra containing H,

> [, = AH be the left ideal generated by H

> N={Q € A|/l+Q C I} be the normalizer of I in A.
Then N/ is an algebra acting on the solution space

{f | Hf =0}

Jonas Hartwig (lowa State University) Differential Reduction Algebras 2/19



Examples: Laplace, Dirac, Maxwell

Af =0
Jf =0
df =0
d*f=0
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Examples: Laplace, Dirac, Maxwell (cont'd)

Each of these operators are images of simple root vectors under an
oscillator-type representation g — W:

A = p(ey), @ :slp — W(2n)

? = o(es), @ 0spyp, — C(n) ® W(2n)
(Zhelobenko?)

d = p(es,), d* = v(es,), P 1 08Py — C(2n) ® W(2n)
(Howe-Lu)

Here W(m), C(m) are Weyl/Clifford algebras on m generators.
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Reduction Algebras

Lie (super)algebra with triangular decomposition
§=09-DhD g
Associative (super)algebra A with a (super)algebra map
U(g) — A.
View A as U(g)-bimodule. Form the left ideal
Iy = Ag+.
Consider the normalizer
N={aecAl|ltacC I}
The reduction algebra Z(g, A) is
Z(g,A) = N/I;.
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Examples

» For each of Laplace, Dirac, Maxwell, the corresponding reduction
algebra Z(g, A) acts irreducibly on the solution space.

> A map g — & of Lie (super)algebras gives a reduction algebra
Z(g, U(®)).

This algebra governs the branching rule & | g.

» In particular, the diagonal map g — g X g yields the diagonal
reduction algebra
AR(g) = Z(g, U(g x 9))-

AR(gl,) was shown to be braided bialgebra by Khoroshkin and
Ogievetsky, being a reflection equation algebra with dynamical

R-matrix.
AR(ospyp) was studied by H* and Williams Il (2021,2022).
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“OK, but aren't branching rules known?"

Yes, but reduction algebras

1. provide explicit intertwining operators, useful in physics eg.
Clebsch-Gordan “addition of angular momentum”;

2. act on multiplicity spaces, not just compute their dimension;
3. are “symmetry algebras” for equations of motion in physics;

4. are interesting in their own right; precise relationship to dynamical
quantum groups not fully understood.
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History

The reduction algebras Z(g, ®) have been studied extensively when
rk® <1+ rkg, including for

> (9,6) = (g(n—1),9(n)) where g(n) = gl(n),sl(n),so(n) (van den
Hombergh 1976; Zhelobenko 1983-)

> (9,6) = (g(n—1),9(n)) where g(n) = gl(m|n), 0sp(n|2m), m fixed
(Tolstoy 1986)
> (g,6) = (so(n —2),s0(n)) and (sp(2n — 2),sp(2n)) (Molev 2000).
The quantum analog of the reduction algebra, Z,(g, ®), associated to
Uq(g) C Uqg(®) has also been studied for (g, &) = (g(n — 1), g(n)) where

» g(n) = su(n) (Tolstoy 1990)
» g(n) = su(1|n) (Palev-Tolstoy 1991)
» g(n) = so(n) and sp(2n) (Ashton-Mudrov 2015)
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Functoriality?

Given a commutative square

—_—

W >

i

what is the relationship between

—

Z(g,A) and Z(&,B) 7

Some obvious partial answers; in general hard to say.

Jonas Hartwig (lowa State University) Differential Reduction Algebras 9/19



Stabilization and Cutting

Khoroshkin-Ogievetsky developed techniques of stabilization and cutting
for commutation relations related to the square

g[n E— U(g[n) ® U(g[n) ~ AR(g[n)
g[n—l—m I U(g[n—l-m) Y U(g[n—l—m) ~ AR(g[n—}—m)

key to their inductive computation of a complete presentation of the
diagonal reduction algebra AR(gl,,).

» Open Problem: Find a presentation for AR(g) for g = s0,,5p,,.
Hard. Try easier cases first: Differential reduction algebras.
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Differential Reduction Algebras

Oscillator representations provide homomorphisms
g—> W

W is some Weyl/Clifford (super)algebra.
Combine with diagonal map:

g— U(g) ® U(g) = W& U(g)
The corresponding differential reduction algebra is
D(g) = Z(g, W ® U(g))-
It controls structure of g-modules of the form

Clx]® V.
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Squares of Interest

5p2n E— W/ ® U(5p2n) ~ D(5p2n)
05p1pp, —— W' @ U(ospyp2,) ~~ D(0spyj25)

» The algebra D(gl,,) was studied in Herlemont's PhD thesis (2018).
» In our 2024 paper we give presentation of D(sp,,) for n = 2.
> The case n > 2 still open, as is D(0spy2,)-
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Presentation of D(sp,)

Let spy, — W(4) be the natural map and
D(sps) = R @y Z(sps, W(4) @ U(sps))
where R is the ring of “dynamical scalars”

R = C[Ha, H3ll(Hy — )" | 7 € Q*,n € Z]
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Theorem (H*, Williams 11 (2024))
D(sp,) is generated as an R-ring by Xy, 01, X, 0> subject to:

XiH; = (H; — ajj)Xi, aj € Z +dual rel.
X1 X0 = (1 + %))‘(2)?1 +dual rel.
%100 = (1 + %)5221 +dual rel.
%0 = —1+ % + A101%1 + H202% +%205 rel.

where (+DE-Db+Y)  , _—(d+2)

fil =
a2b ac

anda=Hy+1, b=Hgioa+1, c=Hgia+1, d=Hz+1.
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Limit as “H, — o0

_ 1 _ _
X101 = -1+ 3 + A101X1 + F202%0,

P ~(a+1)(a—1)(b+1) "  —(d+2)
11 — 32b 12—73(;

)

Put
D*(sps) = C[h, k1] ®c D(spy)

Consider the integral form
D°(sp,) = C[A(H, = hH,, %;, 8;) C D*(sp,)
Substituting Hy = %H(/ in above relations we see

DO(sp4)/(h) = W(4) ®c U(b).
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Generalized Weyl Algebra Realization

Generalized Weyl algebras were introduced by Bavula.
Theorem (H*, Williams 11 (2024))

The “normalized” generators of D(sp,):

X1 = X1, X = (Ha + 2)%2,

01 = 01 (Ha + 1)(Hg 1o + 1), 02 = Da(Hpta +1)

satisfy o R R
[X1,%] = [01,02] = [x1,02] = [*2,01] = 0,

%101 = C1 + g1101%1 + 81200%

%002 = Gy + 82101%1 + 82002%

for certain C;, gjj € R, making D(sp,) a non-trivial example of a
generalized Weyl algebra.
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Tools: Extremal Projector

» (Asherova, Smirnov, Tolstoy, ... 1971-) Every reductive Lie algebra
g=g9g- ®bHd gy has a a unique extremal projector

P = P(g) € TU(g) (certain completion of U(g))

defined by
enP =0= Pf,Va €
P =1 (mod g_TU(g) + TU(g)g+)
Moreover,
P>=P, [h,P]=0.
-1)" 1
P(sh) => 1) fre”

= n (h+2)---(h+n+1)

P(sp4) = PaPpi20Ps+aPs = PsPs+aPpi2aPa
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Tools: Double Coset Algebra

» (~ Mickelsson 1973,...) Given g — A, the map
Z(g,A) = N/I; = I \A/L:

is injective, where [y = Agy, |- = g_A; and bijective after
localization at coroots-minus-integers.

» (Zhelobenko; Khoroshkin-Ogievetsky) The product in I_\A/I,
making the map an isomorphism is given by

3o b= aPb, El

I_+a+ 1 € IZ\A/I;+

called the diamond product.
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Future Directions

> Find presentation, center, irreps, etc for D(g), g = 505, 5p2,, 05P1 |2,
maybe using a version of Stabilization and Cutting.

» Do the same for AR(g).

> Z(osp(2|2), C(2n) @ W(2n)) and Maxwell's equations?
» Coupled Dirac+Maxwell?

> ...
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