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Fix 3 lix 2 feld k. We a3stume |k comtains any necessany coots of Uity

Def: A guiver A=(2,, 2, 8t)  consists of 3 Pwite et of  veaties o,
3 Pivite St of 3rrows 2, and waps St T2, Kivino, the Sovecs

awnd l:au'ée.t ot cac\ arvow Yes .L).
P s(a) tk)

The path a\%c.\mra kol is the associative |k—a\6e.\>va w/ loasis Consisting, of all paths
and Mulh‘;\ic.ahiow of Paths a'm.u\ \;a Concrtenation Whew possible (\ef& to rié\st).

KX contains P&E\\s of \u\a\:\ 2evo 2t e2cw verkex i, dencted & ({'.\\m. e 'Idmgo\-u\ts)

Note., K, is a Sewmisimple |k-a\x)ova and kL, is 3 KLs=bimodule => KA = 1;1.(“{2..)

3,2;®3.= 8.0@.;3;=0 unless £(3,)=1=5(37) Qo« d,,3, [ a—. , i€ .',Lo

A representation V' of 2 quiver X is an assi;)nm.v.t of 3 fin dim vector space V| to cach wereex i€ 2,

a\mz with 2 linear map V,:V,—>V,, to each avow aEdL,. (T\\; Lineac maps 80 in the opposite

div of twe 3vrows So Waps  Cowmpose \"\B\At te |e¢t and  avrows w\vltip\\a lefe to ria\nt)
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‘D,_e.c,: A \-\oﬁ a\*\wa H is 3 lk-veckor SQace with

-3 W\U\ki?\'\c‘al'ﬂw\ wap m:HOH—H
ahx,b\'a Sievctuce

‘3wt wmap U:k— H
‘d Cowvltiplication wap A:H—HeH
Coalrbc.\wa Stvuctuve
*3 Couwnit wmap EH— Kk
3w anbipede. SH—>H

whete €and A ave a\ac,\ua Wowomorphisms (ie H is 2 b\a\&\wa) and  the eo\\owiv\b diabcms Commute

H®H®H HeHeH
m®id id®wm A®id id®A
H®H H®H H®H H®H
™ ™ A a
H H

assoc.'\al:ivit3 coaSSoc.'\ativil:\:) ete
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Mz Given 3 Ho degbea H and an  2lgebra A, 3 (lte Hop#) action of H on A comsists of
s )

3 left H=wmodwle structuce on A s that

@ =2 Y pg €A, WEH where Al)=Zh.eh,;

(b) h-1,=2(W1, V wW€EH

We 536 A is 3 left H-wodue alee.bfa ie. A s am a\rae.\ara in the tensor c.a\'.cawz nP(H)

The c.ate.éwa nP(l-l) is an  exawmple of a tewsov cauS\«b (abe!l.iav\ c.ate,gfa w/ 3 tewsor ondoet.e.tc)

We can  define the wnotion of an a\g\xa and 3 bimedule in 3 tensor cakeao:s e

ey an alebed is an objeck Ael a\omb w[ 3 woltiplication wap wmE Hom(A®A,A) st cectsin cliaavams Commute

In a vecent Paper bé Etinaoc , Kinser, and Walton (EKW) {:\\..3 develop the wotion of temsor als—bus T(E)

whete O is an a\&b‘-a n & awd E is 3 bimodulein &
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EXAMg\cS'. (Ne owmit Ehe counit bfe c,\m.o\civsb the velevawt conditions s Sl:raiz\ntfomud.)
Fix ﬁ' € “(*\{t |} . We  will vse, twe 3.\\»:.‘3 I-loYP a\g.\:us-
) The c\_uav\uzed e,mvelopima a\x.bn of the Lie algora b, U\.(b) is 8\'% \)B

%emm ators X, ‘8 S
with velations 3(5 =1= S'Z, g( = a\_%g

and Cowmultication A(a) =394, Alx)=lox+ x®a

+
I 4 is 3 primitive ™ coot of w\hr) and n € Z st ¢lw,

twen the %menl.izc.d Tale 3'*\7?3 1S Hf\e HoP‘ b\uokim{; T(\',v\)r. Uﬂ_(b) /<S‘_| %">
If v=wn, v léd: twe classial Tafe 3\8,\;\'3 T(w)
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EX&Mg\cs: 2) T\nz l\_vzvd:iiul &vwc.lopinb a\s.bu of the Lic alaabva Ay i gvev\ bé

Smexal:ovs E, F K, K-.
with vrelations KK-.= 1= K-.K KE= a]}EK
= k=K' "
[E.F] 3-¢ KF= gFK
and comultiplication  A(E)=10E + Eek A(K)=Kek
A(F)=KeF +Fe1

I¢ a‘ is 3 Primitive " voot of Un’d:b with D2 and wn odd,

we have the 9mall auantuw aro or Yrobemivs— Lus;!-.ié evwnel

Uo\'(élz) = U‘\-(dylb / <K“-1 e F“>

Note: We \have isomor?\n'\sns of H°P$ als,bﬂs
EK = Up(t) whew K«-»s, Ee»x
a\\a\obucs of Bovel so\:a\he\aras

EFK = U(t)  wher K<—>3, Fc-ng

U:‘(&-b Whas 4wo sw»\g)ous isomorphic to Taft 3\8.\“»



Pa\'amk\'izal:ion of Actions of Uﬁb} and Uq‘Al-Q on K-

Note, we assuwme all actions of Hopc alao.bm ow \»&k alx.bus preserve the filteation \osPa&.\u 'e.v\g:\\

Ca=(3), fix 16“&“\‘&'3

Theocew: The Following, dats  determines 3 Hopt action of U(t) on k2
and all svew 3ctions have this fove.
() A Hopf of Ub) on K, determined by
-A permutation action of G on 2o
— A collection of scalaes (8)ica, so twat =g
Whete  X-ei= ¥ei—¥yieys V i€,
(i) A veprewntation of G on K, st s(ga)= gsa and t(g-a)=£a VY a€ 2,
(i) A lk-Lincar endomorphism O kL Bk, — kL PIKL, so that
(61) olka)=0
(62) o(a)= esa0(@eqts V a€ 2,
(c3) G(Sa)m\:'gcm V a€ 2,

wheve K3 = ¥pd = XS”(Sa) + c(a)



Pa\'amk\'izal:ion of Actions of Uﬁb} and Uq‘Al-Q on K-

EX&W\ﬂ&: @focccccccass >e

(> -action Ow vertices

K3 is 3 Linedr Combination of the above

(G -action Ow veatices

/ G-orbit of 6(3)
0%cccceccncd > @ sesccccscss > >

Let V=1KkL. Then the aerow space Vyi=eNey is the sobsgace of V  sqammed by Bvvows wf sewee i and targst

We \neve thwe de.cougosil:im V=®V$ In the diago\m doove , the avvows Yepvesemt 3Vvvow sPaces.
K]

No\:e., we Whave ch(Z,'-\')="t copies of eac arvow space

and 5¢J(Z,'-|)= 2 isowmovpwiew classes of arvow spaces



Parametrization of Actions of Uﬁb} and UAA'.Q on |k~

Cﬂ’“ﬂd If 4 is & primitive "  voot of it then 3w action
of V(1) o K2 factors £\\(ooa\~ Tlen) &
(DThe action ow KA, factors throvan  Tew)
@DV ased,, Xs.g-a - %23 = 0°(d)
() S acks 33 identity on all of KL



Parametrization of Actions of Uﬁb} and UAA'.Q on |k~

G=4K
T heorem: Assvm'mb H(G)D2LV i€, the 'Po“owivxa data determmes a filtered Ho?f action of U‘(AQ,) on Ko
and all sveh actions Wave this forw.
(i) A Hopt sction of Up(al) on k2
-A permutation  3ction of G on 2.
=2 collections of scalors (§i)... and (¥7)...

as before w/ 3dditional velation %%i= (—l-it—)z Viea,
%

(D) A re.Pve.semi:a\:'\ov\ of G on |k9~| st S(K-a)= K-s3 and t(K-a)=K-ta

(lll) A iv of L'\M&f endowmorpwisms OF and 67 35 before S0 twat 67" =4%c%c*
pe v ¢
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Let S=KkL, and V=KL, whichis an S-bimodvle st KLET(V)
With a araded U‘(lr)-ad:‘\m, S is 3\3’\”’ n Cmvep(Ualt) awd Vs an S-bimedole w C.

Thew, 3s in EKW, we call T(V) a C—teasor a\x\wa

D_e{:: _E(V) s 3 W\’\v\'\ml, Qs'\\-.\Jul. C - tensor 3‘3;\:(& i
V is awn induomeosa\s\b S-bimodvle W & and
wo two-sided ideal of S in C acts \>6 Oom V

These aee the “\>v'\\d'mb\>\oo\«-s" of E-tunsor a\éo\ms.
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To Shul'b M'W\M:Qa, 3;'.%&1. C-tensor év\xobvas. it s sulficient to consider
the case where S Was two  indecomposable Sumwands S, and Sa.
The Sindecomposatie €ase is  addressed by baking S8,

We examine 3,-8;-bimodules in C.

For 9 Posil:'we, iwl.e&t wm, let Sw=K" be the vecter space

with coovdinate—=wise uull:‘.?\iuliw\.

The set of standavd basis vectors $€0,81,...,6m1% gwes 3 suptem
o# ?\'imil:ivo ovl:\\oama'. idbmpom\'.s

Dﬁs'\hb . Ca-u.tiow ow SM \‘é 8°i=ei‘.u~‘.§

Ic'm{.igb SM with twe ?at\»\ alg—\wa of 2 u‘u’wu. w/ m  Vertices 3nd wWo dwecows.



BiW\kole.s wm rb?(u'\.(@

Fix Positiw. iv\te.aus m and . An Sn=Sw=bimedvie V in “C-P(Uo‘(‘a» is the path 3\8,\“; of

3 ﬁvinv of twe ko\\w’smarbm with 2 Ua‘(b) action .

° o - e W™ vertices

° ° ® - e W Veitices

The action of % Sw,s L= Lewalww) isSomorphic COpies of g3dn 3evow space,

3nd there ave d= S.d(u.w) i5omov pWisu l:\yes of 8Cvow spaws.

Eac\\ arvYow SPau.V; 1 3 anesu\tatim o(: (3" > £ G\
= V=@VM e VN=Tvevi| (r-gfiveo b M3}

The action of UA‘(’J) Gus 3 wap O W/ property (©3) 0= 4o
= o) S VulgN

th B:: Cal:esova ol? S“‘Sn"biw\odule.s in W.P(U“(b»



BiW\kole.s wm rb?(u'\.(@

Deline 3 t\vi\m 2.(«\_‘, d) w/ vertex set Kx Z/dz and  arvows ({x,y.)—ﬂx,p (3‘*3?‘-)
and 3 |oop at each veatex (A '.)\ (b'*ﬁ?e')
T he cownected compoments of Q..(a\,‘,d) have the forw

1¢voot of uv\'.to:

b b b
S,.=... a:QaQaQa

Wake) W ()

e o o
L4

let p:= Qcm(lb\,"l . cl)

=voot of uwity:
1 a

oo Q. Q. e

e e—
P 1'(9 N, Wp-1) w (»,0)
)

r(11,4)= the 1uo£imt of |k:L(d‘!,c|) \)3 all relations of the form bazc\“ab

A{ - C.Bi:e.so\'b of fin dim veps of r(l‘.‘,d) st the waps associated to \a-kavg loops ave wilpotewt

wap asssw_dto y

D&“Oh— WGA( Lb (w\\ A".\'B"b

Ve ass wed w\?ass ved tob,
to (A, )‘:) S
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Theocem: T he Catenpries B and N aee equivalent.
~proof: We  construct motvally guasicinerse onctovs.
M Given VEB, e Wy =V, (N)
An= 0|\, Way = Wi,
Bay= (- M| Way —>Whg i wipotent
N=B: Given (W, Ay B)EN
Let \:l;= O W. and W=
Let HSKG be the sebalatrs apnevated by 'S
Then kG®,WeB

Sv&v\ 3 bimodule Stvvcture e_o\\/e.;, =w§

m-l ~

N

¥0

and actions g-u =Aw +B, (W) br weEW,
x.(ggu)= 1_-*'()‘.; S"@w - Xoa‘,'b’“'@w + S‘J’QA ,,S(w)) 'Cov w GW».S



Taft A |ee,bras

%: p\'iw\‘\tiw ‘.tk voot of lm‘nl:a
T= c\uivu wl Veitices (&,)
whete § is an (h/l.)u\ voot of Un'd:.a and i€ Z/dz

N/ a—k\\st Acvows and Conwnected Components of the *cww;

3 3 3
o > > o0 =—D0,0)

(8- ('g,.d-z)
3

s \Ov\é 35 w=Y 0O¢ w'=vr

relations a=0 mEY , m'Ee

3K= constant M=Y¥ or W's=r



U (aL,)

3SUme W, wm'>2 and 4‘_=pvim'\\:ive w* voot of wity W W>Z and n odd

Actions parawetrized bs data for the Bovel swbalegbras Ug (L), Ug(v)

=> we e two tollections of scalars 1%i8 and {B[5 and waps 0% and 6 so twat ¢6E0F= ofc*"
Comnected Components of thwe fuiver Wave the Forw:

with velations a\>=a;"'\>a co=qtbe a“ac=ca

dckions Lthwat faccor l:\'\vovgs V(4L 2):

with velations 1‘ac= ca, 3%= constant )

c"= constant
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