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On the Origin of Geometry in Physics

In one word, the origin of geometry in physics is observer-independence.
Physics is the ongoing attempt to describe "nature”, which is to say, the
collection of phenomena that seem "external" to us; phenomena which we feel
would take place even without the presence of humans. It is therefore clear
that physical laws, to the extent possible, should be formulated in a way that is
independent of any one person. This includes past, current, and future people,
all over the world. More generally, due to the feeling that we have a choice
about our future, we include hypothetical people. The umbrella term for these
different perspectives is that of an observer. Since we are not really concerned
with individual details related only to the observer itself, what matters is how
the observer interacts with the "external” environment. This is sometimes
described as an observer carrying a clock and a marked rod. This is referring to
the observer's notion of the passage of time and extension through space.
More generally, we can imagine an observer carrying other collections of
measuring apparatuses, or gauges, through which they can probe the world. In
fact, it's the only thing we care about when it comes to an observer. Thus, an
observer can be abstracted to a choice of coordinate system for spacetime,
along with a choice of gauges. Collectively, we refer to coordinate systems and
choice of gauge as a reference frame. These choices extend only locally, as the
observer cannot perform measurements far away.

Now we encounter the strange dilemma of how an observer would actually
make such a "choice". Consider the situation of a lone observer floating in
empty space, carrying a clock and nothing else. Suppose the clock is equipped
with a dial, enabling the clock hands to speed up or slow down. Consider two
different settings, a slow and a fast mode. What is the difference? You might
say that the observer knows roughly how long a second is, and could therefore
tell the two settings apart. But this requires internal details about the observer.
You could say, surely their heartbeat can be used to compare the two settings,
but again, this requires internal details which we are not allowed to refer to.
There is no heartbeat, no person, only a clock. You might say, the faster setting
would wear out the gears of the clock faster and would allow us to distinguish
between the settings. But that again refers to internal structure of the observer
(now just a clock). Therefore the observer must be regarded as a disembodied
clock without internal structure. There is therefore no physical difference
between the settings of the clock. The same reasoning applies to choosing
measuring rods, or calibrating various gauges. The inescapable conclusion is
that there is actually no content to a particular observer itself, only the
relative comparison between two reference frames has physical meaning.
The allowed transformations between reference frames form the notion of
geometry we introduce in this lecture.
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L(A'S’) =(7. AY)B A G50 ) -
ffa A —ff"A A )B/,‘I‘A (4,870 B")
—3( B")f » AR+ I’“QAB

So u\IC Su.eS'S /U
U T =¥ a D T e 0 T

T has doeS indeed worlk CC'(AGCI(’)

—

What about Coyaviant temser @e[ds

Since A/,L/A\ (S O Sca(cu- we want:
'@/,,(A,/A ):VU.(AVA )= /,(Ap)A /\,\/Z/v
= VA AT+ A, (A + 127 A%

& Uy (Ay)A” (b Ay rf‘ Aq JA”
\U\/\Ac,\/\ swﬁﬁes

A gain, Hus does 3IV6 Z [z,) -*feawfr-/Ched./)




'Da{: The covariant derivative
? on (5)-tensor -Ge‘o('r’u' _,a,. '

V)\ —C,Iﬁ'-y/ur:)/\ T/J 27 T

Yy

s . s g Lith pos:
—_— }‘“ /"...,‘..f‘
+2 e 120
_s R M
J=1 /\Ij- V//s”s-
t-'j'.kb\ Pa!‘.

The reswlt is an (SY_—'.(>’+60\S‘ov- Reld .

Dic An a.\Cﬁme connecamn (¢
S":JmW\e"\‘\'c 1~€
r\/‘* - s
< r};

Rl (g DuLe +°
Condi R 1S ww&

(check!)

_7 +his
/3‘ J: rm/e/oehﬁéhf



@ Loca{(y /meHLn'a( (oarcfimatles'

Now take j;’ﬁs,w.

Thne Let [ beajymmefh'c affine

connechonn. on M. “Let xeM
be any pont. Then there ex sty

o todrolinate System x™ in
MJL\ACL\ //:y,\ (x)=0.

Prof Let x* be any coord
Systen. After a trans/aton if
we wvma aAsSteme )("‘=o.

nHecesrary
Consider” the coordinafe Transformabon

/ /
XM= Akt 1B XX
(P By conshut) © T
WwWher? we asSSume
2NV M Yo
7& AL T BOC/& xﬂ) Z(/; ’Boc/%
The tramshrvwobion law for [

write o

B,/:(; = B(j::( . We have

C anr Ioe

pl g2 A gAY A
T T e K = T



At xHeo (&2xl'=0) the RHS
equaly

A AT pY

Aa, /:(‘(0) — Boc(s
So AA)’, comn  be anj inverible
Ny, ande we telk e

AT _ Al AT greim%i
Bac(s = Ab’ ’e«(; (o) a‘m:;c,(s 1)

Then C:,U%I, (o) =0, as Ver:'(,u,irecf.
|

'DE_C A coordinafe s‘:fs\'el/u. x™ on o
O—‘FF\;V\Q Connact'on spacs CM, M) is
Loca((ﬁ wmertiel ot xeM (€

r'/u.”)\ (XD =0.

Such coovdinote s»dcbuwa orxe s
Colled novmal o Huw pont
X AS  oOc PO’(e




Lecture 4

Curvature and Torsion,
Mefric and Vielbein



@ _Curvafwe ond Torsion

Let (M. M) be an offine convection
s?c.ce Q,v\_ oo Smosta W("‘j §¢§m)-

To .wka‘r exfent do the covariant
dnga.ﬁve C,om..ponen'f's V/A %mwufe?
On o vector feld AY we have

Vuly R = 0, (GA")-LL A + [LT,A" =
= 2R+ LA + 5 aA™

_ f;fp VOLA%

A D AT

Switching w and o and subtpachin
the 5% 3% and 5™ terms camcel: 3

_ ) oL o A
(0, ~GTIA = = (T~ 15 W A

T% +orsion tenSor

——|'>\ >\ e [ &
T (b,u'u[z 'Dpr,:\ " ’7»4 C/; —DALCFF)AP
~— >

R/iu/s R iemann Cuwrvafure feusor



Thws o( oL X
(V,uV,/ VI/ )A R Uab ——T/:” ‘Z<A

j,,y/, IS o Tensor o-F mpe (é)
_I—/;\V (1§ o tfensov o(-\ type ({3
NO{‘Q ), _];; =0 \‘( and Ov\(ﬂ \‘(

£ho' connechon is fymmev'-nc

IQ/:}///, N) am?‘v—.st‘jmmefnc /r\./t,e,[/
3)’17'\;2 formefa fo r [/u_ ] o.c(\vxj on

other tensors (S &mular cn -Fornm
+o the covanant denvakve.
For ex.:

O’
[v ) 1)]5 / /f
Rju,p]\:Bo—L —T/-(:- VoLB
q) The Ricet +ensor |(S$ obl—amed
b:j contracthon:

O"oL.

55



@ The [nfroducfion OL& Mefric

Def i) A ()-+tensor Ipr s
Symmetnc £ 3/“/ T
LC) A Sqmmetrc (3)-+tensor Ju L Is

Non - ejenem(-e | L there eX(sh
e (2)-%ensor 9!"“ Such +hat

N called +he

o o Y .
3}*“—3 Y - Cg,«. [hveryse
L) A metnc Juv IS @ Symmedic

mom'ob.%z,o\o,wa’re 2)Y-tenssr.
Exomple The £lat metnc Y o 1S

o et ¢ VN Lorem‘*‘tlavx /ﬁ

a2 ovme vy,

Nojre \€ X,‘ owwﬂ Yju. eLre vec/('ov-
Relds then

Qv X“Y°

1§ a Scalar ﬁ‘e(a(. Wu: . mefric
1€ o Kind of dot Pr‘w(acf«




ROL_,CSQV\S _awcl Lowe/rirxg o(:\ (WJices.

1IC Y (s o veckor Feld them

3,“VY>\ IS o (_2‘_)-+€hfov—

C,ovd\'acknﬁ AVES O (?) '+ehsar
oL — A

\gk‘zgk_& Y ( 304/“ Y )
We §aj we have lbwerccx +Hhe Mc{ex/a.
The reverse process, using Hre
inverfe wietie grv i called
Y‘aLfSincj on wndex:

Af*:-_-gjl‘“‘/\

These procedures are meHH inverse:

Lovr o covectur A/u

AL



For « tensov /‘\/Au/ we wiSh
to be oble to disKagquish

Q,ower:'ng ‘ls+index-- \3/}_04 Adu A/f?
Q,ouue/vir\j z"djndex: 510 « AZ" A;‘?

whiclh are botih ((’\-—'\'QI/\SOVJ,
we denote +haon

Ap” = duu A
mo pr =
AT s 9, A
Unless AMY (s S‘aAMMQ—(VCC_, {hese
ore Jdifferent (Y -tensors.

This meclces lf\mr\'z-ow('z«(, P(acewxen{'
of (ndices iw\'oorl'zwx{-,

o S

%'\wi\awl\,/, we g\,\ou_lal ovoid wr{h‘nj
‘B)L imd  instead write B},.U or BU}*

\A\/\p.,v\ PYTY v TG B Pmse»o@, Qs we
waeqt wout to Lewer /taite an indek



‘\{_’oie Ra.l'J(r\j botlh indicer n
e wetle we gec

17 ~/ ot A -~ > I
Sf* = g M 5 ///’5 3oc,[! = j ()
\_——»__z_),
= JOL
For s veason we wr.te j““

2

fiv 4+he inverse wmetnc.

\/l'e(bein

3}*” is oo mefric, +hen at each
X(_M 9 s con be \or‘ou_jk'l— +o

o&o«.gowcx\,ﬂ fovne  bu Sone (nveirlbible
predan x 6500 e the sense that

a}w("’ BZM C:(%) =Y ab
+( ,a=b -
where (’]oJD :{O atb ng,\/ake/wH‘d,
(x) = ea.(x> (b&\
dpv Tab g v

where er s Ha inverse of er

The Keld e; is the Vielbecn O:F the

metie. 1t -\'\fahsfforms a§ & Covector
unwdev g Pans ovrmahons ¢ Q,& /:f 6 &
and o~ Lprenfz vector: e/,u /\l° gt .




Flovizon el wdex plLemens
Iﬁac‘s +o Fregx /Pos.,.][\,‘* convewyons ¢

Peefix. T, , #27  lower indices

Y4

| 3 + the left
C,onSlS*‘GV\f w'\'\'\/\ c,ovo.véan‘(‘ Qle_r(\/q‘ﬁve
T__ T
/A\/uu V/:» Au wWe
S A Wl
ConneclNong : ‘—\,(U/ Lol (ow
4 S

Crnveture tensor: R/Audﬁ

‘Posl—ﬁ; . TM -"/""u‘ o,

‘DC’/Y\;VOI‘i\'VEQ e now WY‘IH"E.V\ on tha

P L
p g _
Ty/)‘ ov | 1/,>\ -_-_—v/\, /u“u
Cownnechigns - rju"g or I"V/w\
CtU"/GJL%rﬁi Rdlﬂ/x_, or ’R(;o(rw



@) Levi-Civita Connec fion

Def. ) A b ipece M equipped
withe oo amedic e iy

o— ,ofeua(o -R /'cwantw'au.;-—.rﬂa(e .

/,[ e 1§ posi Ave de A nite (z'-e.

ctsYdcagmal Hru 74.5 has all +1°%s

on “the da'ajp—naé) +hen M /s o

K (ewmenunran f’fpace.

ji) A  connec o /;i e o

seudo — Riemanaian J&“—.fpa ce W/] a)
IS Cafled anefrsc (or- metrice 7
M@?‘m'b’f) o

VA Guvr =©
where +he (,ova/n&n‘/:/gf/kivaﬁve
[§ Conpufed wusin .,
S Cntited s Ll

[ &
(b/\j/"(/ —r)-(\/u \70»U- ;\Z‘Zd.p(: o



Theorem (The Fundamentod Thegrem
of Riemanman Seme/hj)

Let (M, ) be o psewdo—
Ricura wmzﬁf G-space . P(g‘cgm any

Snoo th W}

Then there exists a unigue
affine conmecton [12, on M

Sa‘HS@iv\g the “wo ’uconc{ih'ms:
\> \/;AAU 1S S‘a,m,hu{'ric
(ej,uL\/a(em‘Hj , e Forsion

teusor TA wvanishes)

9.) rfﬁ) (S wmetric .

This affne Conmchon is CS(()LL“QH}/
%/i\/e\/\ btj
X )

Ao
r},w = Ij (b/ugmc{:bp/u&—-@cﬁ/xb
Proof: Outuved in Homework #4.




Debinihon This afﬁ'ne connechim
is called +he [eyi-Civita Connecton
on (M, j"”)' |t 1§ Sovmetimes

denoted by

‘2"\ N ,X/\ O r {A }

o d /u,V
o the C,ovwfavxew.{‘s ofe called
Chrishoffel ssm\oo\s.




Lecture 5

|l wvar ot | V\fejm.ﬁ'o 8



O lwariont lv\,’reﬁ abon .

let K=eM  and consider
( b 4" x

K
To make sense of this, we choose
a coordinate system X i—> x™
(From the collechhon € that ™M
cComes ej,bu—'(apecl withh).

We define
§ ¢ d"x = f¢(x")c1x'olxz---dx“
K Y

where & (x*) is the real-valued
function expressing d in the
coord inate S‘yS"f'eWL XHx", ond K
on the right rea“j means {xM:xeKf.

Bu‘i’, wWe want this defiiton to be
LMePeMQW‘t‘ of the clhtoice of

coordina tes



1§ x+—ox” s onsther coordinate
syskem  (from C) on M, +hen
they ore reloted by Some
C,oowrd;vxa‘te trans\%rma‘t\'oh
= xP'= P (x?)
belongwxg 4o the Seome,hnj g wndetr
considerahon. We assume I >o.

Ej the C[/to.mge-o{—‘-\/aréalo)e formala
Som LVL‘\'esfa»l calcuwlus,

JQS(XW)O(X"---O(X"l‘qu(X’“') T dx'dx®-dx”
K K

Therefore , for the Ln+e3ra( to
be coordinate-independedt the

two expressions dD(X'u) cnd Q)
ol ¢ should be related by

d(x™) T = d(xM)

Or equs Vou\eV\’Flj :

-2

ld)(xw) = y,(f)()('“))
(Recall: J'=det(92') , J.=det(7}.))




RQ/VV\C‘*V'LL C‘) IS oo new object, not
guite & Scalar Reld. £ Y is
another Such object | +hen
d/¢ is a Scalar KReld
Therefore we call ([> a relafive
Scalar, or o« Scalar density.

‘

Since 4>2 ‘h’ams{‘\orms S
47 (xF) = b= (xt) = (T.)" ¢2(x*)

we <oy 4:7’ s o relahve scalar
of weight 2. The ogeneral case:

De fisiton
A relative tfensor -ﬁ‘e/d on M 07[
7?7/)6 (¢) and wecjh-t wois an

r+s
n —-7"(4._/3/6
S~

0/\ Funcﬁ'a‘ns, g:‘ven in €ach COOVC/MQ/?
Sjﬂ'emx";u/lm'ch are related bj

‘... w ’
ST =)L TS
note -+
Relahive Tensors 07[\ u/efy/?f 7 are celled
fensor densihes.




Romork

N Relotive tensors oF pe (E) and
uJQ,(jl«‘r W ﬁm o vectsr space.

2) Relahve teusors can be
W\.u_(h',oll'ecl,' we(:‘juh Se{- added
Clust Uke +he types)

3) The covariant derivative of o
relathve tensor Reld of
Hype ) and weight w s

Y - . -

Vo -
Seme as + [ 77 + ...
For usual / At fune
+ensors ol Y-
B [;/» 7; =
Qa Sinj/e < S
e x v term - w /:X 7;

The result Was typre (sﬁn) awnd weéyh+ w.

") Product rule wovrks as wswal

V}A (T.S ) = - °°
even for rela fve fensors.



Example [ £ jfu IS a vector dem‘h&
T its “Coveriont divergence” is:

Vis = O/ AT BT

- Dp P

| qu'l)'(cu(ar’ 'a/u_j’* s o Scalov
demSI”'Yo

We whill need the ‘Fo“ow(nf) —Fbym o‘:
Xhe 'Diverﬁence_ Theorenm -

For any vector density j/ vanishing

on O we have

.( a/u.)wkc’)m =0
<

Note: We will ov\\j v\,e,e_o\ to consider
res\'oV\S KeM which in Some coord inate
syst+em s a closed ball around some
Poi.f\"t.



@ The Levi-Civitn ngw\'oaIS
We deFv'nc) in all coeordinate yy:#emf,

+ [, even perm.
g//,,,../u,‘ :E/"l/"r‘= —_ (' OCIJ pevrm.
o , not «w perm.

depending on whethev u -4, Is
an €eVen , oofo(, or nho permutation
of [(2---nNn.

These are the [evi-Civita s:ymloals.

Exa_m‘ole
n=2: &g=1[,&=-I &= Epe=
n=3: £|z3 = €23 =512 |

€122 T&ap( TE23F T

\ > £./lZ‘:O 6*('

These are convenient for ex pressing
de+eer'maM‘£$- For exa.m,ole,:

det (A";) =>, 63“(0')/\1;0)” Agcn)

TES,

_ Y \ n

_ iuﬂ' " Ay -u-Au" 2 p
— e s / ) n
= o pn €7 THAL A,

Equivalently,
det (A};)Ef"l"‘/‘-r\. — 21/,-.-1/,\ AIZ; N A/::: Ge)



APPBIng (%) o the ‘jo.colpioux yeveals
the "téensorial nature of the
Levi-Civita S'JW\bo\S ;

For any coordina e chanje X/M—v)('“;
', ;‘ A /U.' ;.,. "’_
:]ﬁ: g”’ “ :.-olef[jy'.).;/j s~
= J et
Mww'flaiwﬂ loj J, we get

,'.-- ; /’ /‘(;, U”’L

Thus, the confravariant Le(//"C/'w'/q
SJMG’( gﬂl.'./‘("l—

($ an (Y)-4ensor density.
(=relative (§)-tensor of weight 1)

| ikewise, +he covariant Levi-Cruity

S’Jw.é'o'(
é;u,.._/m

(¢ a relatrve (8)-tensor af wef;/n‘—-f,

(check 1Thnis!)



W/\eh C— mefh'c f L IS P,—es'en{)
the raised ownd " Lowered (Levi-Civita
SJM’OO[S a.re

S pan 2 L

&) Yn

g -
2/‘“..-/0(’\ - j/(/_lul .--j/b(ﬂyh 2
These are in 3emm}. not the same:

- Mo P _ 1 177" fMn
Ejl"‘/"w-jg l“'/u-n ) 63 /A' ’3 iM /u
where 9 = det ( Slu_p).

For example , for the ffat
metric 70.[’ =0{A.'aj (+, —,—, )
a L_orem.—f'a—/'a.z«_ ;,eomehy , we
Ihave

abecd
£

7
[V\/arningf Convenhons differ . J

bcc( éCC(
:7-2& = _2_0.



@ Melucs and Scaler Demsihes.

We will gshow that o (me/ﬁﬂ'CS 0
can be used 1o construct /u
Scalar densites, which /s
what we Can (nfegrafe (n a
coordinate- [(ndependent Way.

The determinant o-F 3 o S
deno ted 9. We have P

ge gy g
Tow=El we=

Thus 9 is o relative Scalar
o L we\'g\/\'\' -

9° =(9.) 9 under xFox¥

ASSWN\'\V\S J. =o for all coovd.
chonges (such § is oviented),

|//:§/—7 s a scalar deh&/@

J

[ Par-tt.cu./ar) when h=9 amd

has Signa fare (IJB) or (3,1): Y/ g/ =j/;::/9—' .



Thus, f C# 1S any Scalar
feld own (MJS/*U> tihen

I = ydﬁ\f—l—j—!dnx

has coordinate - independent
meonting .

Other QXamplcs include
) §(0,4070 + ¢+ 67 ) Viy d s
(o, ¢) 3"

Scala r Curvature

0§ R Wdhk ’ RaR/,f=3"”RﬂV;

Rec{.pei DBui(d 0. Scalor 2>Mu—H:- EJVGJ
=7 g%ef a sScalar density.



@ uSQFwL 'Formm_g
Proo{ Bj CO‘Fac‘l'or ex_pow\Ser\. ;

r _ ol
3‘5\ - 3A¢CF (%)

W Ar X
CM'=zq.qY
" 9-9°". (3¢ #)
3 29

/3

Qr-
— ""ﬁ (‘5(4‘)
C 9 9 oc. /5 3 3 goc(; 5

P_Qif fb/u.\/:j“(“ﬁ)/z'(-a q) =

._/_7_




(3 Let r/:y) be the Levi-Civita
Connectiono. ornn. (M, ﬂ/,w), T hen:

Y
Ly =g

’91/1"""67

Proot: A0, )\ = D305+, 9un 05

Since 13"+3 = dpdur — — 30/,_ wlwch
LS onti- SWW-Q-*V\C Eat lug,'\ +hose +erms
V omcs Up o covitya c Wan, &30&4./\&4
the S'\XM.IMQ)VVLC 3PA :

\
':uz "LPA j

(4) | V. V-9 = ©
Proof Since V=3 is a Scalar densty,

_ oL (3
Vg =00y - "5 =0 u




(5) For any scaloar Held ¢3
Vo (dv=m ) =(2. ¢V
P’Z’_O.JC: B"j the Pr‘oo(u.cdt' ruJe,

V. (0V=5) =(7. V5 + &9, V=5

v 4' o 4) Swnce 4’ (S a. Scaler ’Re(&\
&w& V V——-—B loj (41) ‘




