
MATH 618 LECTURE 28

HW2_8 Find the dimension
of the irrep

v1

of ozln . 101k£ n)



o.i-iii-i-iie-ii.hn?FI
-

Harish -Chandra map :

Y : Ulgln )→ Why )

projection along PBW basis

gln = 17
-

① 4 ① 17
EI n =3

HE;iEÉEiiÉÉz¥%EÉEÉEi:)
=

{ Ei"Ez%E%
" if aij=oV-i=j

0 otherwise

§ = all nxn diagonalmatrices
CSA of gln



Notation : Zcofln) :=Z(Ucglns) .
Harish-Chandra proved :

thin ✗ lzlgln, is an injective
alg map with image

614 )
"

sci :=Eii - i-11 , i-b.in

Gtri)=xoci ,

V-rc-sn.it/..,h.EIn--2Ully)s2--C-x..XzJs2--
= ① [✗ itxz , ✗ 1×2 ]

✗ , -1×2=1--1 , + Ezz
- I

✗ 1×2 = E , , ( Ezz
- 1)



EI The Casimir element

of Ucgln) is
in Ucgln

!
C = Ii Eij Eji
III.jen

One can show CEKEÉEKECVK,l
hence C belongs to the
center of Ulgln )
For n=2 we have

C= Elf -1 EizEzTEzcEz+Ez}

Y( C) = ? We write C in

the PBW basis wrt ordered

basis ( Ez , , Eli , Eze , Eez )

( =Eft Ez,E,zt[Ez ,Ez , ] +
+ Ez ,E,ztEzE =

=EiFt2EziE1ztE ,-EzztEzzZ



so Y(c) =Elf-14 ,-EzztEzÉ

Expressing this in
✗ I = Eli >Xz=Ezz

- l

we have

41C) -- ✗it ×, -4<+11+1×2+1)2=
= ✗it ✗ , -✗2-1-1×22-12×2+1
= ✗Ttx , + ✗z -1×22 symmetric

EQ[×i,✗z]



Coumn determinant of a

matrix A =/aij ) with noncommuting
entries is

cdet A := [(sgnr) ago, iaorczsi
. -area>n

EES
n

( expansion along leftmost column)



Capelli Determinant Cu):=

UTE
, , Eiz - - Ein

cdet (€21 U + Ezz - l Ezn

i. :
'

.

.

'

:

-

Eni Enz . . . u+Enn - In , ,
]

Entries of matrix are from
the noneomm . algebra
Ulofln> [u] .
Thus Ecu) C- Ucgln)[u] .
This Clu)=u^tZ,u

"'t . . - +Zn

Where 2-⇐
C- 2- (Gln) and

degree K
4(Zk)= Xi

,
✗ iz

- - -✗ik elementary
I file :-< item symmetric

polynomial



Corollary
2- ( gln) is a polynomial
algebra in 2-1,2-2 , - . -> Zn .



Consider

gl , cglzc
- . - cgln

E
This gives a seq of subalgebras

Ulgl , >allylic . . - clllgln)

Def The Gelfand -Tsetlin (Eez)
subalgebra of Ucgln ) is

T = ÉZ , , .
. . > In] where

2- i=Z( old;) := -2/Ugli)) .



Lemme

=L
,
☒ 2-2-6 . .

-☒Zn→ T

is an isomorphism .

c-or.FI ① [xki / leieken]
polynomial algebra in nCn¥
Variables .



② Ir reps of glue are in
1- 1 correspondence with

P+:= { ✗ c-Ciii-Xi+F2zo
V-i-bz.sn - I}

Pt I Q ✗ (2%0)
""

EI ✗ = ( 3,2, 1) → Vs

I=/ 3 +V2 , 2+ V2 , ltrz) → V,

By Weyl's thin, any fd rep
of Glen is completely reducible .

Elements of P+ are called
dominant integral weights for gln .



The branching ruleglntgln-i.to#fdirrep-Vnofgln-iandfdinepVyofgla
dim ttomgemwnihtgl.tl
with equality off the following
interleaving condition holds :

✗
2 73 in

µ→✗
:) /§ 7, I 7, • • - 3 71

Nl Mz Mn -1

where ✗ 3ps means

d-pc-ZzoXsBEQE_xVl3i2i7IEVl3iD@Vl3.D-01
vglz
⑦ ✓(2)2)⑦ V12, 1)



As with Sn we have a

branching graph for {gln}F= ,
part of this graph looks
as follows :
i

gl, ✓ (0/0,0) V11 , 0,0) ✓(1) 1,0) V12 ,0,0)

ggvio.cn?rcIoFT?. . .

+ ⇐TÉÑ> . . .

gl, V10)

This can answer questions
about bases for all f-d
irreps of gln : we have

V17 , , -12 , . .
-An)☒V(c,c, . .:c)

EVA.to/ztc,....Xn-c)V-cElCVxc-P+SOWLOGXn--0



EX A path in this

branching graph can be
encoded in a Gelfand-
Tsetlin pattern : For ex

V12, 1,0)

T 12140T
✓ (1) 1) ← ①
T ①
✓ (1)

We have

✓ (2) 1,07=6%20 ④ e %
,

? ⑦

④ a 3¥ to a 4,8 ④ ① 2¥
④ a 4,1° @ e4

,

to @
2
,

0

with adjoint )(n fact, ✓(2,1/0)=-513 action of glz .



Note As with Sn , the
Gelfand-Tsetlin subalgebra
To Ucgln) acts diagonally
in the GZ basis of any VA ) .


