
MATH 618 LECTURE 27

READ § 6-3 (CSAs , Root space decomp)

§ 6.4.2 , § 6.4.3 (classical Lie algs)

Thur 7.13

Prop 8.2 (a)

HW 27 Let V be any representation

of sly and let

vt-hvc-VIpcelv-okplhlvc-kvtg.ro
Show that the ✓

+

, -21kg(f)ku
K=o

is a subrepresentation of V.

Note Vt is called the subspace
of primitive vectors of V.



s-imple-ieags.tlvector space with bilinear

form B :✓ ✗✓→ It .

glv, B) ={xegllVYBK.vn/+Blv,x.w)--o)-Vywc-VTk--lk,charlk--o:
For 13 symmetric & nondegenerate
so ( V) :=gN,B) orthogonal lie alg
Fixing an orthonormal basis forV,
so ( V) Ison :={ ✗ c-gln / ✗T= - ✗ }
For B skew-symmetric& non-degenerate,
(⇒ dim V is even)

spcv) :=gCV, B) symplectic lie alg
choosing appropriate basis for V ,

spcv)= span :={×=¥t|b÷)|



From now on :

classification ( É=H,charlk=o)
Every fin .

dim simple lie alg
is isomorphic to exactly one of
the following :

Type :

• shh + , ,
n> 1 An

• Wzn+ , ,
n>2 Bn

• spzn ,
n> 3 Cn

• Soza ,
h 74 Dn

• five exceptional Eg Ez Eg
lie algebras 1=4,62
Ex Gz = Der ① Lie alg of

derivations of the octonions .



R_eprÉÉry .

Def i ) An abelian Lie subatg

4cg is tonal f- torus- like) if
ad {÷ {ad h /hey } is simultaneously
diagonalizable.

ii ) A Cartan subalgebra (CSA ) beg
is maximal element (Wrt inclusion)

of the family of tonal subalgebras.

EI . Unitary group
Uln) = { ✗ c-Glace) / ✗*✗ = I}

TYN)={fei! . • eitn) / ti EIR}
1-(2) is homeomorphic to the

two- torus s
'
✗S
'

Lie THEIR
"

↳ Lie Uln) --4×1×1×-01
a¥AFU(n) Skew-hermitian matrices



EI g-- In

2=41 ". 0 ) / Ea. ---03cg0
'

an

G is a CSA of Sla :

Let hi = Eii - Ej+i,i+, ,
E-1,2, - -in -1 .

{hi} , is a basis for { .

fad hi ) (Eke ) = [Eii - Eia.it/,Eke]
=
ik
- dei - Jin

,k-lde.it/)'Eke---:E.
Extending ✗ke linearly to }
we have

lad hlltke )= ✗kelh) Eke the} .
This shows that { is a tonal
subalgebra of sln . One can show

it is a CSA . (cont .)→



É=j⇐§g;nt# we have

where 92=4×-9 / lad 41×1=214✗ they}
and

OI = {✗Kel KK,een , k-fl}

because

9 ✗ = }
1k Eke ,

✗ = ✗ke
c- ⑤

Eap°s;¢
Any simple f.di lie alg 9 has

a CSA 4, unique up to an
automorphism of g .



R-ogtsiii.eu#Eeiaiii*ycgcsA
For Lely # put

92=4×-09 / Eh,✗]=d(hlx they}
Then 4=90 (Lemma) and hence

9=4 ④ ④ 92
Let# ihoy

a-to.is a root if g✗ -1-0

☒ = { roots }.ch/tiho} .



W-eigkt-repres.eu#-s .

g simple lie alg

4 fixed CSA of g .

✓ a representation of g.

Def ✗ c-ly
't
is a weight of ✓

if 3- we V40}

s.th.ir= Uh)v they .

EI . The roots of g are
exactly the nonzero weights
of the adjoint representation .

Put Vy =/otv / h .v=Hh)r they}
Def V is a weight representation
if ✓ = ④Vx .

✗c-g*



Vy are called weight spaces
Elements of Vx are weight vectors
(of weight 7) •

P_rop Any fin. -dime irrep ✓of
g is a weight representation .

Prod {plh) / hey} is a family
of commuting linear operators
on V hence has a common

eigenvector ✓ =/ 0 . So

✓ (
h) ✓ = Tch)v for some

function 7 :3 → It . Nowp is
linear ⇒ ✗ is linear i.e. teh 't.
Put V'=-D Yu .

Meg 't

we just saw ✓
'

=/0 . We claim

V
'

is a sub rep of V.



By roof space decomposition
it suffices to show

✓biker
.

V-2,µ c-9
*

. We have

V-hc-Y.tl/-c-gg,V-vc-Vmi
✓ (

htpcxiv-jcxpchw-pflh.ly/v---Mlh)plx1v-Llh)pcx7v--(M-x)(h)-jCx7v
.

Thus ✓ 19# c- Yuta .

So V
'
is a nonzero subrep .

By irreducibility ✓ '=V,

QED .



Tri_angular@wpositions.g= M
-

④ } -0Mt
as vector spaces ,

where

Z is a CSA

M± are Lie subalgebras

such that

[4 ,h± ] c- h±
ad -4 are nilpotent Kx c- h±
9

Thin Every simple f.d- Lie alg

g has a triangular decamp.
Moreover 3-decamp 01=0-+001
of the roots such that

M± = ⑦ 9a
2 C-☒±



EX .

sea -1¥ :?)-01¥ -E)+48¥)
M
-

④ 4 ④

tech
+
= ⑦ IkEiji<j

h
-

=

¥.

IKEij



Def A highest weight
representation is a weight
rep ✓ generated by a vector
v satisfying

✓(ht )
✓ = 0

The weight of v is called the

heighest weight of V.

than Any fd. imep of g
is a highest weight rep and
is characterized up to

equivalence by its highest
weight .



EI . Possible highest weights
for fd irrcps of sln are

{key
't / Ichi> c-2>o V-i-s.sn-1

where hi-Eii-Ei-i.in .

Thus

Irr sea ← (I> o)
""

In general
1m g ← (I> ☐

5h9
where rhg = rank of g

:= dim of aCSA .


