
MATH 618 LECTURE 26

READ : § 5.4

HW26 : Exercise 5.4.46) .



Univer-aene-piga-gebrath-n-D-e.fi
he functor Adg →Lie

sending an associative algebra
A to the Lie algebra 1-Lie f-A
with bracket [a ,b) = ab -be)
has a left adjoint , denoted
U : Lie -→Atg

g ↳ Ucg ) .

The associative algebra U(g) is
called the universal enveloping
algebra of g.
Thus for every Lie alg og and
assoc . alg A there is a natural
isomorphism
Homµg(Ulg!A) EHoy.ie/9sALie ) .



Ptof Define

U(g) = 1-(g)/I where
I is the ideal generated by

{ ✗☒y- y ✗ - [✗iy] IX. y c-9 } .
Consider a lie algebra map

fig → A
Lie

Since f is a linear map to the
underlying vector space of) an
associative algebra , f induces
an algebra map
f- it(g) → A s.t.si/g--t .

We have

f- (✗☒y- y☒✗ - [ay] ) =

FKIFlyt-flylflxl-fl-x.gs) =



= fcxlfcyl-f.ly/fCx)-f(-Lxiy])
= [fct),fly)]Aµ

,

- f- ([✗iy]g )
= 0

since f- is a Lie alg map .

Thus § induces an alg map

F : U(g)→ A
satisfying

f- ( ✗ + I ) = flx) ✗ c-9 .

Conversely , given an alg map
F : Ucg ) → A

define fig → Awe by

fix) = F- ( ✗ +I) 4- c-9
Then f is linear and

f([x.gl/=Fl-Lx.yJtI)=Flxay-yox-I)lbydefofT--F(x+I)FlytI)-FlytI)F(
✗+I)=



= [fcx) , fly )]A
,,

Faye] .

Hence f- is a lie alg map .

Clearly fl→F , Ftf are
inverses of each other.

Nationality is left as an
exercise .

QE_D .

Note If B is a basis

for g. then 1-(g) EIKCB>
free alg .

and I -_ fray-

yo-oe-fx.gl/xiyc-B)E-X.Ulslz)--lkCeff,h7WhereI=(ef-fe-h,he-eh-
Zqhffhtzf)



Note since gllv) = End(b)Lie
by definition , we have

Homiielg , glad e- Homaegllkgl,EnH
⇒ Rep od E Rep Ucg )

(Liealgebrarepresentationsofgare equivalent to associative algebra}representations of Ucg ) .
-

Node Picking a total order on
a basis B for g ,

it's

easy to see that Ucg) is
spanned by ordered monomials
in B :

Ulg ) = Span# {I , - - -In / " i C-B✗if - - -fan }
where Ii :=x ,- +I



( f D= {xi , - , xn } finiteUcg) = span {IF! . .IM/kic-Z=oDK
Indeed I 5 = 5 I +Exit

implies that

54 - - - ÑiÑi+, - - • In =

= 54 . . - Ii-1,54. . - In +

1- 54 - - - [xip - - - In

TFI in B

Formally , put
0£Ken

Ulg)cn, = Span{05 -
. -5%1 xieg }

Then Ulglco,CUHK,c- . .
letg) = VU kn, and

NZO

U(g)em, UG )cn ,
c U(9km -1m



i. e. hug >on, }n?
.

is a

filtration of Ucg) .
Previous calculation implies

ñ , - - In +Ul9kn→=Ñra, - - -5rem +UGH,
6 C- Sn txi C- 9 .

This means that we have an

algebra epimorphism
✗ U(g)a)

y:S(g)→ grUG):= -01¥.,n=o

where Ucg)µ, :={o} ,
-

associated
graded
algebra

given by

4 : X, . . - sent> I ,
- .

.in/-U(gkn-y-Vxic-g.,V-n=o



PENNYis an algebra isomorphism.

Proof Uses Diamond Lemma
,
see

book for details . The crucial

step is that ambiguities are resolvable:

←
Zyx

yzxt -12,5k ↳✗y + 2-[y ,x ]

t t
yxztysz,x] -117,5k ✗ 2-ytfxzytzfyix]

t I
✗y 2- +[yx]z
+ YET,x]+[z,y]×

=
✗ 92-4 ✗ [2-y]

ft-XZ-y-z-y.li]

By Jacobi Id.
Dk



EI Ulslz) = ⑦ Clfkhlem
killin>0

ef=fe -1h
tff = h ( fhtfhf ] ) = hfh -Zhf
=/fhtthf]) h - Ihf
= f- he - -2 f- h - 2 hf

=fh2 -2 ( hF2f) -Zhf

=fh2- 4kt +4 f

War⇒ig Product in Ulg ) isnt
matrix multiplication but

juxtaposition of words (subject to

relations) .

[ 8 ;] 2=0 in Mack) but
eZ=ee is anonzero word

in Ulslz) .


