
MATH 618 LECTURE 25

READ : 5.7.1 - 5.7.3

HW 25 : Exercise 5.2.6 .

Def A Lie alg g is simple
if D g is non-abelian

and 2) g has no proper non
-zero

ideals
.

Note 1) can be replaced by

f) dim g > I

Indeed if f) and 2) hold but g
was abelian

,
then any nonzero

✗c-g would span an ideal > hence

g = IKX by 2) , contradicting 1
' ) .

Conversely , 1)⇒ 1 ') because any
one-dime lie alg is abelian .



Def A g- module is a vector
space V with a bilinear map

g. ✗✓ → V , Cg ,✓)l→gv

satisfying
X.ly .v) - y -H -

V)=[x,y]-V

V-xiyc-gv-ve.tt.
-

(A)tf V-xc-g.tv

Given a rep (Kp:g →glad
(A) defines a g-module
structure on V. (RHS := Lhs)

Conversely , given a g-module
µ ,

• :gxV→V) ,#) defines
a representation p ( LHS :=RHs)

Re_p9~=g-M_od\



EI g is a g-
module via

✗ . y := [×, y ] ltxiy C-9 .

Let us check this : ltxiyzeg :

X.ly. Z ) - y . /✗-2-1=[4-4,2-7]- Ey#F) =
= [✗ ily,2-33+[9,81×3] (anticommwtaliuiy)
= - [2- ,[✗ in] ( Jacobi Identity)

= [My] ,Z] (auticomm .)

= [✗ , y] . 2- (def. of action)

This g-
module is called the

adjoint g- module .

The corresponding rep is

p
: od →ogllg )
plxly = [× , y] Xiytg .

and is called the adjoint

representation of g.



Note The kernel of the adjoint
rep is {✗ c-g) [×,y]=oN-yEg}=z(g)
the center of 9 .

5-peÉÉag .

The trace may be regarded
as a Lie alg map

tr : ozln → 1k
Lie

where gln=Mn(kkie .

tr( [✗ is])=tr(✗y -yxttrlxyttrlyx)
T

= 0

def of bracket
in Mnl#Lie

while [trx , try]=0 since Kcie is
abelian .

Def The special linear lie alg
is sln=ker¢r)={ ✗c-glnltrcx)-05



Reward One can show that

sln = Lie Sln . This is related

to the matrix identity

exp (tr A) = detcexpct))
where exp (A)=¥jn: A

"

(writing A=D-1N , D=diagonalizable,
N= nilpotent, DN=ND, we reduce

tothecasesA-D.tt#slz=lke-kh-lkfe---L8b3ih---o-93.f=-98
]

[ h , e) =2e
,
[hf]=-2f,[e,f]=h



Preposition : she is a simple
Lie algebra . charlk
pro_of=2 :

[e,f]=h -1-0 so slz is
non-abelian . Let oreslz be

a nonzero ideal . We show that

or __ slz . We consider 3 cases

① e. c- or

Then [f. e) c-[slz,a) C-A
"

- [ e. f) = - h ⇒ hear
and [f , h] C-Lslz >a) c-a

"

-[ h , f ]=2f ⇒ f- c- or

⇒ or -_ slz
② ✗ htfeeea, some t.pe/k,X-to .
Then [e ,7htµe]e or
-2¥ ⇒ eea,done by① .



③ XftµhtVe for , for some
tile , OE It , X -1-0 .

Then

[eiftpehtue] c- or
"

✗ h -Zhe ⇒ Done by② .

QE#



50*2es .

For NEK> o let

V(n)= ④ Ikxkyn
-k
=
space of
homogeneous

1<=0 polynomials
dimV(n)=n -11 . in ✗ iy of

degree n .

Define a linear map

p : slz→ glcvcn)) by
et> ✗%
f- 1-7 Y¥
hi-7×8×-98

Preposition The Mapp is a Lie

alg map slz→gl(V41) i. e.

a rep of slz .
Thus Vcn) is an

slz -module .



theorem

1) ✓(n ) is a simple slz -module

for every mezzo .

2) Every finite-dimensional simple
slz-module is isomorphic to

✓( n) for some mezzo .

3) Every finite-dimensional
slz -module is a direct sum
of simple slz-modules .


