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HW24 : Exercise 5. 1.6 (Witt algebra)



DI A Lie algebra (over a field 1K)
is a vector space g with a

bilinear operation [;] : gxg →g
called the bracket on g , satisfying
IX. ✗3=0 ✗Eg (Alternating Law)

IX. [4,2-3]+[4514×1]+ fzixiy] ]=o /JacobiIdentity )
they , 2- C-9 .

Def A Lie algebra map
4 : g

→Z is a linear map

s.t.y-x.bg> = [41×1,4454 V-✗ is c-9 .

Lie# category of Lie algebras
and lie alg maps.

Nite 0--1×+4×+43=[443+-144]
⇒ [ ✗ iy ] = -[y , X] they c-9 (A)
If Charlton

,
# implies Alternating Law.



Ex 1123 with cross product is
a lie algebra .

EI Any 1k-vector space V

becomes a Lie alg by defining
[ u,v ] :=o V-u.ve _V.

Def A Lie alg 9 is abelian

if [✗ iy]=o V-✗ , y c- 9 .

Notation For any subsets Xifeg
we put [✗it]=spanµ{ix.545¥,}
Def A subspace or c- 9 is a

• (Lie ) subalgebra if [a.or]Ea
• Kie) ideal if [g. a) c- or .

Note [✗ it]=[4.x ] b-subsets X,YE9 .

subalgebra are Lie algebras wrt.
restriction of bracket. Ideals atesubalgs.



Def If a Eg is an ideal
,
the

quotient space 91A is naturally
a Lie alg wrt

.

[✗ + a , y + a ]=[xy] + or

V-xiyc-od.IS#.rphism-Thmlf4:g- 4
is a Lie alg map then

4cg ) is a subalg of { ,
Ker 4 is an ideal of g ,
and odlkery Ekg ) via
✗ there ↳ lecx) b-✗ c-9 .

Def The center of a lie alg 9
is Z(g) = { ✗ c-91 [✗is]=oV-yEg}
(tower case script z)
Note :[9,3dg)]=oeZCg> ⇒ztg) is an

ideal of 9.



D=f The derived subalg g
'

of a Lie alg is g
'

:=[9,9]

Note :[9,99,E[g.g) =g
'

since g'Eg
so g

' is also an ideal ofay .

If or is any ideal of g , then

91A is abelian

⇐ [✗ idea for all ✗ iyeg
⇐ g 's or

-



thefuntor Adg#→ Liege
Let A be an associative alg .

Define a bracket on the

underlying vector space of A

by [a,b) = ab -ba ta,bEA .

Clearly [a. a) =oV-aeA .

We further have V-aib.cat :
[asbc]=abc- bca

= abc -bactbac -baa

= [a >b]etb[a ,c]
hence

[a ,[be]]=[a,b]c+b[a,c]
- [a. c)b- e[a,b]

=[[a > b) 1- [b.[a ,c]] =

= - [c.[a,b]]- [b ,[c,a]]
⇒Jacobi identity holds .



Thus (A) [ ;-] ) is a Lie

alg .
We denote it by ALie .

Note Z(A Lie )=Z(A) (as v.spaces)
hence d-Lie is abelian Eff
A is commutative .

EI A- = End# ( V ) ,

V vector sp .

The lie alg A Lie is denoted

gl(V) and is called the
general linear Lie algebra .

Def A representation ofa Lie
alg 9 is a Lie alg map

p : g →glcv) .


