
MATH 618 LECTURE 23

HW 23 : Prove that the gradient
of the determinant function
det : Mn ( 1121=112

"
-

→ IR

is nonzero on every
matrix of determinant 1 .

Conclude that

SLNCIR) -- {AEMNCIR) / det A- =L }
is a manifold .



Lie gimps

Def A (real ) Lie group G
is a group which is also

a manifold such that

G x G → G ( g , h ) Hgh
G → GT g t> g-

'

are smooth . (Throughout , smooth
means real analytic

Facts fro-diffgeom-kakc.lu :
D Any open subset of IR

"
is

a manifold

2) if f : IR
"
→ Nm is smooth

and p C- f- ( IR
") is a regular

value i. e . the Jacobian Ii;
has full rank f-min Lm.us) at
every point in f-

'

( hp ) ) ,then
M f- ' ( Ipt) is a manifold .



Ex . Glen CIR ) general linear

=fAEMndRHdetA¥oy group

SLNCIR) = LAEMNCIR) /def A- I }
Special linear group

consider

det : MNCIRKIR
"
-

→ IN

A↳ det CA)

which is smooth (being a par - fen)
Then
Glen ( IR ) = det

- '

( IR- to } )
-

open
⇒ GLNUR) open subset of IR

"
"

⇒ Gluck) is a manifold .

Shack) -- det
-'
( Ll ) ) can

check 1 is a regular value
⇒ SL nCCR) is a manifold .



Moreover multiplication &

inverse matrix are given by
polynomials ( resp . rational fans)
which are smooth .
⇒ Glen CIR)

,
ShenCIR ) are

Lie groups.
-

One - parameter subgroups
are smooth group hours

j : IR → G

Thus Ho) = l G

{ Hstt ) = Hs)Ht, ④
H- s>= Hss

' '

IstEIR

EX . stiffs, ] , sniffs )
are one-parameter subgroups
of S L2 CIR ) ( e -2.718 . . -

- - )



One - parameter subgroups of
matrix Lie groups can be

expanded as

y (s ) = Xo t X , St Kes
Z
t

. . .

By properties € one checks

that Xo - In , Xz = { Xp , - -
-

i. e . yes>= exp(XSS for some
matrix x C-MnCIRI .

In fact
,
this illustrates :

If y : IR→ G is any smooth

function then there is a unique
one - parameter subgroup f : IR→G
such that II= Etf .
Explicitly , Fct ) -_ exp( t -¥) .



Def The Lie algebra of a
matrix group GC Mack) is

g-Lie 6=11112 : IR → Gsmgeotnh. }
=fxeMn Iexpftx) EG ft EIR)

Note 1)g is closed under
X H Xx , FX C- CR '

.

Indeed
, if xeg then 38:lR→G

:

r Lt ) Hot X t t - . .

Define Vy Lt ) =Htt) . Then

Vy is smooth & data = >x

2)
,

y is closed under addition:
(et X , YE g .

Let

2- Ct ) = I t Xt t - - -

Jct ) =/ tytt . . -

the n t t> Httort) is smooth

and getsoft) = ltfxty)tt . . . ⇒xtyeg.



3) of is closed
under the

bracket [x. y] -- Xy - yx :
Let X.yEg . Let

flsttetxesye
-txe-sy

Then y is a smooth function
112×112-7 G

.

Direct computation shows

flat ) = It Hy-y x)St t . . .
= exp ( St [x.y] )

put y (s) = f-Cl, t ) . Then

y is a smooth tea IR→G

with daff = [x.y] .

Hence [x.y ]ET .


