
MATH 618 LECTURE 21

On the graph isomorphism BEY.

READ : §4.2.5

§§4 . 3. I - 4.3.4

§ 4.4 (skip the proofs) .

Hw 21 : Exercise 4.3.2 .



Fix a positive integer n .

Aelgebraiepicture
The set of pathsT in the branching

graph 1B from Is
,
to any

vertex in Irr Sn parametrizes the
GZ basis {Vt}

,
for TOV
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Since the GZ -basis {VT'sT
diagonalizes the GZ -subalgebra.

JEN , we may consider the
joint spectrum of the JM elements
on ⑦ V :

VEIrrsn

Specht :-ftflxiliflxal. . ..ifHnD¥Ek
where YTCX i) elk is the
eigenvalue of Xi acting on VT :

Xi . VT = 4thXi ) Vt
Define an equivalence relation =
on spec(n) by
HtcXi . . . . . ytlxn )) Nuff ,Hi, . . .if ,Hnl)
⇐ The paths T and T

' end at

the same vertex .



EI n =3 . X ,= O

µ
elements 25=47%+63)

since VT
,
spans the trivial rep Is

3

we have 6.Vt
,

= VT
,
FOESz .

Thus:

Xi -Vt
,

-

-OVI , Xzvt,
= It; , 1134,

-
-27

,

⇒ (O, I,2) C- Spec(3) .

Similarly , vty spans the sign rep
of S3 , hence we get

(O, - I ,-2) C-Spec (3)
Recall that for the standard rep V2
we have Viz ( l , I , -2),Vtz=( I,-1,0)
and Sz acts on Vgetkvtztolkvtz by
permuting coordinates .

442=042 . terra ,1/3424%2×143=043, 1/243=4%32×343--1 -

Vtz



This shows that

spec(31=491,246,1,-D, lo,-BD, lo , -152))
with three equivalence classes

sped={491,213,40, i,-D, lo,-1,11%051543)
corresponding to the three irreps of S3 .
-

Thus we have the diagram :

at→ them. .. >HAND

Ltasiiiiii .'¥m3=
"

en"g÷¥
,

→

Jean
,

v w

Speedy,u
in



Additional feature of this

diagram is that

¥

IT : Is,-7 . . -
→Wmtw}-7 Speech)
Delete lastHiester.mn. IEEEEnts

€

IT
'

: Isis . . .→wn.is→ speech-D

commutes
. This is because for

Kien - l : ft, (Xi) VT . = Xi - Vt ,
GZ-basis {Vtist, Xj . VT
is a subset of lift . = YTCXI ) VT

=4t(Xi)VT '
for any path Tiffs, → - - →Wn .



Combinatorialpictureapartition is a sequence
D= ( X , , Xz . . . - )

of weakly decreasing non -negative.

integers with 111=72
,

Xi --

(i. e- X,v=o, N⇒o)

D= { all partitions }

Pn -- HEP I Al -- h}
If X C- Pn we say X is a

portion of n , written 7th .

The Xi are called the parts off .
A partition can be drawn as
a Young diagram

→ 1=16,4,2,2, l)

Xi left-adjusted boxes in row i .



A south- eastern corner of
a Young diagram is a box which

can be deleted to form a Young

diagram with 1 fewer box:

0€ south-eastern
off corners

Def The Young Graph Y is the
directed graph with vertex
set P and an arrow

µ→ X
iff µ can be

obtained from
X by deleting a scouts -eastern)
box .
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Paths in Y from the bottom
vertex to any Young diagram
X can be recorded in a
standard Young Tableau (SYD
obtained from A by inserting
{I , 2, - - -

, ill } into the boxes so
that each row and each column
is strictly increasing .



EI The path in Y :
•

• @ BE

→ → →

corresponds to the SYT
'234

5

EI The SYT L ? t corresponds
4

to the path in Y :

→ . → → → → →

-

The shape of a standard
Young tableau T is the

underlying Young diagram :

shape ( ÷ ? 57 ) =
Note that this corresponds to
taking the endpoint of T, when
viewed as a path in ¥.



Let SYTcn) be the set of all
standard Young tableaux having
n boxes

.

EI SYT(3)=L , 23,132,13 , I }
These suits represent the paths :

• • a

T T T
B @

re
.

#

There is a surjection
SY Tcn) 3- I
*
Pn 3- Skype (T) .

given by deleting the numbers .



To complete the picture we
need an analog of speech) .

Def The contents of TESYTCH)
is a vector

CLT) -- Cc , > Cz , . .
. .cn) E Z

"

defined as follows .
① Tilt T by 450 clockwise and

attach top corner to a coordinate
AX is : -3 -2 -I 0 I 23

l l l l l l l >

T=
2

"
3

4 6 5

7-

② Ci = coordinate of the box

containing i :

c (T) = ( O ,
- I
,
I
,
-2
, 2,0,3)

We define content --{CCTIITESYTIM}.



EX

Intl3)fete. ) , ftp.cfs/.cfs ' ))
={(O, 1,2), (0,1,-D.(o,-1,1) , (O,-1,-2)} .

(compare with spec (3) ! )
-

Define an equivalence relation
won cont(n) by

c (T) N CCT
')

iff G .
clt) -- c (T') for some

of Sn

Note that c(T) -CCT ') iff
shape(T) = shape (T

') .



We have the following commutative
diagram

~

SYT(n- t)→ Cont (n-D

Tan?Eheteoe T nation:p's:*

SYT(n) €7 Cont(n)

# shapeC. I 4
pm contCDL

The key result is now :

The Spec (n)=ContLn),
and a = ~

.

The proof is based on explicitly
describing these sets . See book for details.



Corollary We have a commutative
diagram

(PETE. . By} Speck#ContIn-HESYTCN-D
T F

(PETE. . By } Speck)--ContaiE SYTCH
*Shapelrtrsn SPECIMEN Pn

corollary (Graph IsomorphismThm) BEY.
Proof The bottom row gives a
bijection vert YEvertB , X↳V?
There is an arrow re -77

in Y iff 3- path D → . . -→µ -71 inY.

By diagram this holds off 3- path
Is

,

→ . . .→VM→V'⇒ 3-VAVt in 1B
A'ED

.


